Abstract: A closed-form solution for transient flow rates across the wellbore in a confined aquifer is derived from a two-zone radial ground-water flow equation subject to the boundary condition of keeping a constant head at the well radius. An aquifer may be considered as a two-zone system if the formation properties near the wellbore are significantly changed due to the well construction and/or well development. An efficient numerical approach is used to evaluate this newly derived solution. Values of the transient flow rate are provided in a tabular form and compared with those obtained by numerical inversion for the Laplace-domain solution. The results show that the two solutions are in good agreement. This newly derived solution can be used not only for predicting the transient flow rate across the wellbore but also for identifying the effects of a skin with a finite thickness on the estimation of transient flow rates in a ground-water system with two different formation properties.
Introduction
The constant-head test is sometimes employed in site characterization for determining the hydraulic parameters of aquifers with low permeability. During the test, the hydraulic head across the wellbore is kept constant while the transient flow rate into the well is measured.
Carslaw and Jaeger ͑1939͒ gave the solutions for heat flow from the surface of the region bounded internally by a cylinder such as buried pipe and cable, cooling of mine, etc. Tables of  numerical values for the heat-flow rate from the surface which are of practical interest can be seen in Jaeger and Clarke ͑1942͒, Ingersoll et al. ͑1950͒, and Ingersoll et al. ͑1954͒ . Based on the solution given by Smith ͑1937͒, Jacob and Lohman ͑1952͒ presented a formula describing the flow rate across the wellbore in nonleaky confined aquifers and listed a table of the numerical values for a wide range of the dimensionless flow rate versus dimensionless time. Hantush ͑1962͒ also provided a formula of ground-water flow through wedge-shaped aquifers, which has the same form as the solution given by Jacob and Lohman ͑1952͒. Reed ͑1980͒ and Batu ͑1998͒ listed a wide range of values of that formula for dimensionless well discharge versus dimensionless distance or time.
During well construction, a wellbore skin of finite thickness may develop due to the invasion of drilling mud into the adjacent formation or the removal of fine particles from the surrounding formation by extensive well development; consequently, an otherwise homogeneous aquifer may become a two-zone system. The drilling process may therefore produce a positive wellbore skin that has lower hydraulic conductivity than the undisturbed formation. Conversely, thorough well development removes fine particles, e.g., fine silt and clay particles, from the surrounding formation and produces a negative wellbore skin with an increased conductivity. Markle et al. ͑1995͒ developed a finiteelement model to analyze the transient flow rate across the wellbore during a constant-head test conducted in a vertical fractured media. Their results show that during a constant-head test the transient flow rate across the wellbore may be affected when a wellbore skin exists. Chang and Chen ͑1999͒ gave the Laplacedomain solutions of the hydraulic head and the flow rate across the wellbore in a two-zone ground-water system. They presented curves representing specific capacity versus time as part of an investigation of the influence of a skin ͑low-permeability zone͒ on aquifer parameter estimations.
In this study a closed-form solution is derived for transient flow rate across the wellbore when performing a constant-head test in a two-zone confined aquifer system. In addition, we present a numerical evaluation of this solution, which is expressed in a dimensionless form. Numerical values of this solution are verified by comparing with the results of numerical inversion for the Laplace-domain solution using the modified Crump algorithm ͑de Hoog et al. 1982͒ . This new solution can be used as a tool to investigate the effects of the presence of a skin with a finite thickness on the estimation of flow rate across the wellbore. Fig. 1 shows the well and aquifer configurations for a two-zone confined aquifer system. Several assumptions are made for the solution of hydraulic heads in the confined aquifer; they are ͑1͒ the aquifer is homogeneous, isotropic, infinite-extent, and with a constant thickness, ͑2͒ the well is fully penetrating with a finite radius, and ͑3͒ the initial head is constant and uniform throughout the whole aquifer. Based on these assumptions, the governing differential equations in terms of the hydraulic head h(r,t) in two-zone formations can be written as
Mathematical Derivations

Two-Zone Radial Flow Equation under Constant-Head Condition
and
where the subscripts 1 and 2, respectively, denote the wellbore skin zone and the undisturbed formation zone, hϭhydraulic head; rϭradial distance from the centerline of the well; r w ϭradius of the well; tϭtime from the start of the test; Sϭstorage coefficient; and Tϭtransmissivity. The hydraulic head is initially assumed to be zero in both the skin and the undisturbed formation, that is
The boundary condition for maintaining a constant head at r ϭr w is given by
where h w ϭconstant head around the wellbore at any time. As r →ϱ the hydraulic head tends to zero:
Between the skin zone and the undisturbed formation the head is continuous
and there is conservation of mass:
Closed-Form Solution
The detailed derivations for the solution of hydraulic head in the Laplace domain for the skin and the undisturbed formation obtained by using Laplace transform for Eqs. ͑1͒-͑7͒ are given in Appendix I and the results for h 1 and h 2 are respectively expressed as
where q 1 2 ϭpS 1 /T 1 ; q 2 2 ϭpS 2 /T 2 ; pϭLaplace variable ͑Spiegel 1965͒; I 0 (u) and K 0 (u)ϭthe modified Bessel functions of the first and second kinds of order zero, respectively; and
The functions I 1 (u) and K 1 (u) are the modified Bessel functions of the first and second kinds of order first, respectively. Applying Darcy's law at the wellbore, the solution in the Laplace domain for the flow rate across the wellbore Q w can be obtained as
The solution of Eq. ͑12͒ in the time domain can be obtained by using the Laplace inversion integral ͑Hildebrand 1976͒ as
and 
where Q w ϭflow rate across the wellbore; kϭͱT 1 S 2 /T 2 S 1 ; J 0 (u) and Y 0 (u)ϭthe Bessel functions of the first and second kinds of order zero, respectively; and J 1 (u) and Y 1 (u)ϭthe Bessel functions of the first and second kinds of order first, respectively. Eq. ͑13͒ is the closed-form solution to the transient flow rate across the wellbore in a two-zone ground-water system. Detailed derivations to obtain the solution are shown in Appendix II.
Dimensionless Variables
Defining dimensionless variables ␣ϭT 2 /T 1 , ␤ϭS 2 /S 1 , ϭT 2 t/S 2 r w 2 , ϭr/r w , 1 ϭr 1 /r w , Q Dw ϭQ w /(2T 2 h w ), and Q Dw ϭQ w /(2T 2 h w ) where ␣ represents the dimensionless transmissivity, ␤ represents the dimensionless storage coefficient, represents the dimensionless time during the test, represents the dimensionless distance from the centerline of the well, 1 represents the dimensionless thickness of the skin, Q Dw represents the dimensionless flow rate in the Laplace domain, and Q Dw represents the dimensionless flow rate in the time domain.
The dimensionless flow rate across the wellbore derived from Eq. ͑12͒ can be expressed as
Accordingly Eq. ͑13͒ may be expressed in dimensionless form as
where
If the aquifer properties are assumed to be constant through the whole aquifer, then Eq. ͑19͒, the flow rate across the wellbore in the dimensionless form, can be reduced to the single-zone solution presented by Jaeger and Clarke ͑1942͒ as
Numerical Evaluation
Bessel Functions
Eq. ͑18͒ includes the Bessel functions I 0 (u), I 1 (u), K 0 (u), and K 1 (u). Likewise, Eq. ͑19͒ contains the integral composing of J 0 (u), J 1 (u), Y 0 (u), and Y 1 (u). These functions approximated by the formulas given in Abramowitz and Stegun ͑1964͒ and Watson ͑1958͒ are listed in Appendix III. The argument u in these formulas may be divided into two ranges, ͓0,10͔ and ͑10,ϱ͒ for I 0 (u) and I 1 (u), ͓0,2͔ and ͑2,ϱ͒ for K 0 (u) and K 1 (u), and ͓0,12͔ and ͑12,ϱ͒ for J 0 (u), J 1 (u), Y 0 (u), and Y 1 (u) in order to achieve better accuracy. Besides, these formulas are essentially composed of infinite series and may converge slowly, especially when u is small. Therefore, the Shanks method ͑Shanks 1955; Wynn 1956͒ is employed to accelerate the convergence when evaluating the series. Each function in the integrands of Eqs. ͑18͒ and ͑19͒ is calculated to ten decimal places, and thus it bears the same degree of accuracy as those listed in Abramowitz and Stegun ͑1964͒.
Shanks Method
The Shanks transform, also called the algorithm, consists of a family of nonlinear sequence-to-sequence transformations ͑Shanks 1955͒. Shanks ͑1955͒ proved that these transformations are effective when applied to accelerate the convergence of some slowly convergent sequences and may converge some divergent sequences. Examples of the applications of Shanks method include numerical series, the power series of rational and meromorphic functions, and a wide variety of sequences drawn from integral equations, geometry, fluid mechanics, and number theory ͑Shanks 1955͒. The partial sums, S n , of an infinite series may be denoted as
where a k is the kth term of the series. Based on the sequence of partial sums, the Shanks transform may be expressed as ͑Wynn 1956͒
where e 0 (S n )ϭS n and e 1 (S n )ϭ͓e 0 (S nϩ1 )Ϫe 0 (S n )͔ Ϫ1 . It is necessary to set a certain convergence criterion when applying the Shanks transform to evaluate a given series. Therefore, one may define a convergence factor, ERR, as
The sequence of partial sums is terminated when this criterion is met and the infinite series converges to the estimated value of e 2iϩ2 (S nϪ1 ). 
Gaussian Quadrature
Gaussian quadrature is widely used in performing the numerical integration of a known function. The integration limits of ͐ a b f (x)dx are changed from ͓a,b͔ to ͓Ϫ1,1͔ by a suitable transformation of variable when applying Gaussian quadrature. The formula for an n-point Gaussian quadrature may be written as ͑Ger-ald and Wheatley 1989͒
where W i ϭweighting factor and i ϭintegration point. Values for W i and i can be found in books on the fields of numerical methods ͑e.g., Burden and Faires 1989; Gerald and Wheatley 1989͒ and the fields of finite element methods ͑e.g., Reddy 1984; Burnett 1987͒. Fig. 2 demonstrates the plots of the integrand of Eq. ͑19͒ versus u for ϭ1, 1 ϭ3, ␤ϭ1, and ϭ1 while ␣ϭ0.1, 1, or 10. The two-zone aquifer becomes a homogenous ͑single zone͒ aquifer system when ␣ϭ1; on the other hand, the aquifer has a negative skin when ␣ϭ0.1 and a positive skin when ␣ϭ10. It can be observed that the integrand of Eq. ͑19͒ approaches infinity as u tends to 0; contrarily, the integrand tends to zero as u becomes very large. The closed-form solution for the dimensionless flow rate, Eq. ͑19͒, cannot be directly evaluated because the integrand contains a singular point at the origin as indicated in Fig. 2 . Letting to be a very small value, say 10 Ϫ20 , and starting from , Eq. ͑19͒ can be evaluated by Gaussian quadrature. The initial interval for numerical integration in Eq. ͑19͒ is chosen as 10 Ϫ5 ; then, both six-point and ten-point formulas of Gaussian quadrature are used at the same time to carry out the integration of Eq. ͑19͒. If the difference of the results by those two formulas is less than the prescribed criterion, say 10 Ϫ7 , a double interval will be used for next integration. Otherwise, the present interval will be divided into two equal portions, and the same approach is again applied to each portion until the result for each portion is less than 10 Ϫ7 . This procedure ensures that each result has the accuracy to seven decimal places. The same integration procedures are applied to succeeding integrations until the difference in the result for each portion is less than 10 Ϫ7 . Then the remaining integration is obtained by changing the variable as yϭ1/u and the transformed integral in terms of y is directly evaluated by Gaussian quadrature ͑Gerald and Wheatley 1989, p. 304͒. Therefore, the result of numerical integrations for the flow rate can be obtained by simply adding all the results from each interval or portion.
Integration Procedures for the Closed-Form Solution
Results
Comparisons between the closed-form solution of Eq. ͑19͒ and the results obtained from numerical inversion of Eq. ͑18͒ may provide a cross check for the validity and accuracy of both solutions. The values of dimensionless flow rate versus dimensionless time from 0.01 to 1000 evaluated by the proposed numerical approach for Eq. ͑19͒ and the modified Crump algorithm for Eq. ͑18͒ are listed in Tables 1 and 2 , respectively, for single-zone and two-zone systems. Table 1 gives the values of dimensionless flow rate versus dimensionless time for 1 ϭ3 and ␤ϭ1 when ␣ϭ1, that is, when the aquifer formation is under the single-zone condition. An approach of infinite series expansion given in Harvard's problem report ͑1950͒ is adopted to remove the singularity of the integrand of Eq. ͑24͒ when performing the integration from zero to . For the integration limit from to infinity, Eq. ͑24͒ is evaluated by previously suggested integration procedures. The flow rates estimated by the numerical inversion for the Laplacedomain solution and those given in Jaeger and Clarke ͑1942͒ agree to three decimal places when compared to that of the closed-form solution as shown in Table 1 . Table 2 shows the plot of the dimensionless flow rate versus dimensionless time for 1 ϭ3 and ␤ϭ1 when ␣ϭ0.1 or 10. The formation has a negative skin when ␣ϭ0.1 and a positive skin when ␣ϭ10. The flow rate values obtained by numerical Laplace inversion agree well with that of the closed-form solution. This indicates that this closedform solution yields accurate results for the presence of a wellbore skin when estimated by the proposed numerical approach. Fig. 3 shows that the curve representing the dimensionless flow rate across the wellbore for the undisturbed ͑single-zone͒ formation is quite different from that with positive or negative wellbore skin. If a positive wellbore skin exists, then the dimensionless flow rate is smaller than that when a negative wellbore skin exists at the same dimensionless time. A smaller flow rate across the wellbore reflects the result of lower hydraulic conductivity of the positive skin. Conversely, a larger dimensionless flow rate is considered to reflect the increase of formation conductivity and storage effects in the presence of a negative wellbore skin.
Conclusions
A closed-form solution for describing the transient flow rate across the wellbore in a two-zone confined ground-water system Fig. 2 . Plot of integrand of Eq. ͑19͒ versus u for ϭ1, 1 ϭ3, ␤ ϭ1, and ϭ1 while ␣ϭ0.1, 1, or 10 has been developed for the constant-head test with the presence of a wellborn skin. This solution was derived using Laplace transform and a contour integral method. In a single-zone aquifer system, the transient dimensionless flow rates computed from the closed-form solution match well with those given by Jaeger and Clarke ͑1942͒ and the Laplace-domain solution. Under the twozone condition, i.e., in the presence of a positive or negative wellbore skin, the results of the closed-form solution agree with those of the Laplace-domain solution to two decimal places. This provides a double check for the correctness of the closed-form solution.
The flow rate decreases rapidly with increasing time at the early stage of the test and asymptotically approaches a constant value for a long test period. For small times the differences be- tween the flow rate in an aquifer with a positive or negative wellbore skin and an aquifer without a wellbore skin are large. In addition, the effect of a negative wellbore skin on the flow rate is larger than that of a positive wellbore skin. Obviously, the magnitude of the flow rate across the wellbore strongly depends on the hydraulic properties of both the formation and the wellbore skin.
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Appendix I. Derivation of Eqs. "8… and "9…
Chang and Chen ͑1999͒ presented the Laplace-domain solutions of the hydraulic head and the flow rate across the wellbore in a two-zone ground-water system without giving the derivations. The solutions of Eqs. ͑8͒ and ͑9͒ to the hydraulic head in the Laplace domain in the skin and the undisturbed formation can then be obtained as ͑Carslaw and Jaeger 1959͒
where C 1 , C 2 , D 1 , and D 2 are constants. Substituting Eqs. ͑35͒ and ͑36͒ into Eqs. ͑31͒-͑34͒, one can obtain
Consequently, Eq. ͑8͒ can be obtained by substituting the constants from Eqs. ͑37͒ and ͑38͒ into Eqs. ͑35͒ and ͑9͒ can be obtained by a similar manner. Note that Eq. ͑9͒, representing the head distribution in the undisturbed formation, slightly differs from the one given in Chang and Chen ͑1999͒. Their inaccuracy may be due to typing errors.
Appendix II. Derivation of Eq. "13…
The inverse Laplace transform of Eq. ͑12͒ in the time domain can be obtained by using the Laplace inversion integral ͑Hildebrand 1976͒ as Q w ϭ 1 2i ͵ Ϫiϱ ϩiϱ e pt Q w dp
where pϭcomplex variable; iϭimaginary unit; and ϭlarge, real, positive constant, so much so that all the poles lie to the left of the line (Ϫiϱ,ϩiϱ). A single branch point with no singularity ͑pole͒ at pϭ0 exists in the integrand of Eq. ͑12͒. Thus, this integration may require the use of the Bromwich integral for the Laplace inversion. The closed contour of the integrand is shown in Fig. 4 with a cut of the p plane along the negative real axis, where ␦ is taken sufficiently small to exclude all poles from the circle about the origin. The closed contour consists of the part AB of the Bromwich line from Ϫϱ to ϱ, semicircles BCD and GHA, lines DE and FG parallel to the real axis and a circle EF of radius ␦ about the origin. The integration along the small circle EF around the origin as ␦→0 is carried out by using the Cauchy integral and the value of the integration is equal to zero. The integrals taken along BCD and GHA tend to zero as R→ϱ. Consequently, Eq. ͑12͒ can be superseded by the sum of the integrals along DE and FG. In other words, the integral can then be written as 
